Future e + e − colliders give the promise of model-independent determinations of the couplings of the Higgs boson. In this paper, we present an improved formalism for extracting Higgs boson couplings from e + e − data, based on the Effective Field Theory description of corrections to the Standard Model. We apply this formalism to give projections of Higgs coupling accuracies for stages of the International Linear Collider and for other proposed e + e − colliders.
Introduction
One of the most important opportunities provided by future e + e − colliders is that of determining the couplings of the Higgs boson with high precision and in a modelindependent way. By now, many studies have made projections of the accuray with which Higgs couplings can be determined at proposed e + e − colliders [1] [2] [3] [4] [5] [6] [7] . Most of these studies are based on the κ formalism, in which each Standard Model Higgs coupling is multiplied by an independent factor κ I and these factors are fit to expected measurements. The assumption is that introducing a large number of κ I parameters leads to coupling determinations with a great deal of model-independence. An alternative method, described in [8, 9] , takes a different point of view. This method begins from the assumption that the corrections to the Standard Model (SM) due to new physics can be parametrized by the addition of higher-dimension operators to the renormalizable (dimension 4) SM Lagrangian. We have come to realize that this approach is more correct in the way it takes into account the variety of effects that might arise from new physics. In addition, it allows us to incorporate powerful constraints from SU (2) × U (1) gauge invariance, and to make use of new observables that have not previously been considered in Higgs coupling fits. In this paper, we will formalize this approach, describe its advantages, and present projections of Higgs coupling accuracy for future e + e − colliders based on this formalism. Some recent analyses with similar ingredients but different emphases can be found in [10] [11] [12] [13] [14] [15] [16] .
In particular, we make the assumption that the deviations from the SM predictions for the Higgs couplings can be represented by the addition of dimension-6 operators. There are a large number of possible dimension-6 operator coefficients-84 in all-but only a manageable number of these play a role in the analysis of Higgs couplings. We will refer to the effective field theory (EFT) operator coefficients as c J , to distinguish them from the κ I .
The EFT approach is largely now adopted in the analysis of Higgs coupling data from the LHC; see [17] . However, the information on the EFT coefficients that will come from future e + e − colliders will be much more complete and specific. In fact, it is shown in some detail in the accompanying paper [18] that data from future e + e − colliders can determine, independently and without ambiguity, all of the dimension-6 EFT coefficients that contribute directly to Higgs boson production and decay processes at those colliders. We can then use the EFT approach to provide estimates of Higgs boson couplings that are completely model-independent as long as the general framework of the EFT is valid.
Because one EFT operator can be exchanged for another by the use of the equations of motion, there are several different conventions used for the c I . In this paper, we will use a variant of the "Warsaw basis" introduced in [19] . The notation, and detailed formulae for the linear deviations of the Higgs couplings, can be found in [18] .
A similar set of formulae in the "SILH basis" [8, 9] can be found in [14, 20] .
Why is κ Z model-dependent?
Let's get right to the point: Why is a formalism based on κ I not model-independent?
For Higgs decays to fermions, the corrections to the Standard Model are described phenomenologically by a single operator whose effect can be described by a κ I rescaling. The same is true for decays to gg or γγ. However, for the Higgs coupling to W W and ZZ, this is not correct. The EFT actually leads to two distinct structures. We can represent the Higgs-Z interaction as parametrized by two coefficients η Z , ζ Z ,
where Z µν is the Z field strength. A similar formula can be written for the Higgs-W interaction. The coefficients η Z , η W multiply vertices with the same form as the SM vertices, but the ζ W and ζ Z terms bring in a new interactions of a different form. The η and ζ parameters are derived from the EFT operator coefficients c I in a way that we will discuss in a moment.
The ζ terms involve the field strengths of the vector fields, and so are momentumdependent. The effect of these terms depends on the momenta of the two vector bosons and the extent to which these are off-shell. For a 125 GeV Higgs boson and the cross section at 250 GeV in the center of mass, we find, to linear order in the corrections, 
The coefficients in front of the ζ terms come from integrals over the relevant phase space for each process.
In weakly-coupled extensions of the Higgs sector, including supersymmetry, the ζ coefficients typically arise from loop diagrams and have values of 10 −3 or smaller, but in Little Higgs and Randall-Sundrum models (without T-parity), these coefficients can be present at the tree level and can be as large as other new physics contributions [8, 21] . A simple κ I parametrization cannot incorporate this degree of freedom. Thus, we conclude, the κ I formalism is not model-independent and cannot provide a general basis for tests of models of new physics effects on the Higgs couplings against data.
The EFT analysis adds parameters to the standard κ I scheme, but it also has a compensatory advantage. New physics corrections can modify the relative size of the Higgs boson couplings to Z and W . In the usual model-independent κ I analysis, this is accounted by taking κ Z and κ W to be independent parameters that can vary arbitrarily with respect to one another. In the EFT approach, the largest contributions to the the parameters η Z and η W and to ζ Z an ζ W come from the same dimension-6 operator coefficients. More explicitly, we find
where c T is related the T parameter of precision electroweak analysis [22] and is constrained by that analysis to be very small. The parameter c H is an overall renormalization of the Higgs field as discussed in [8, 23, 24] . Similarly, with (c w , s w ) = (cos θ w , sin θ w ), we find
where c W W , c W B , c BB are coefficients of dimension-6 operators with the squares of SU (2) × U (1) field strengths. The parameters c W B and c BB are strongly constrained by measurements outside the program of e + e − measurements of Higgs reactions. Thus, in the EFT approach, the relative sizes of the two Z and W couplings are regulated by SU (2) × U (1) gauge invariance in a way that their relation can be determined from data. The overall effect is that we exchange the two parameters κ Z , κ W for two parameters η Z , ζ Z , with no new freedom for η W and ζ W .
The structure of the Higgs couplings to W and Z is important to resolve the trickiest and most subtle problem of Higgs coupling analysis. Experiments measure branching ratios, but models of new physics predict the absolute strengths of Higgs couplings and, through these, the Higgs partial widths. To effectively compare theory and experiment, it is necessary to find the absolute normalization of the partial widths. The conversion factor is the Higgs boson total width. This width, about 4 MeV in the SM, is too small to be measured directly at any proposed accelerator. Rather, it must be extracted from the fit to coupling constants.
In the literature, this is typically done within the κ framework by assuming that the total cross section for e + e − → Zh and the partial width Γ(h → ZZ * ) are both proportional to the parameter κ Z . This total cross section can be measured by observing the recoil Z at a fixed lab energy, independently of the Higgs decay scheme. This determines κ Z to high accuracy. The Higgs width can then then be extracted from the ratio of measurable quantities
from which κ Z cancels out. Since BR(h → ZZ * ) is small, about 3% in the SM, this determination of Γ h suffers from low statistics, but, at least, it seems to be modelindependent. The presence of the hZZ coupling proportional to ζ Z , ruins this strategy. We see from (2) that the numerator and denominator of (5) have completely different dependence on ζ Z , even with a different sign. To overcome this problem, we need a separate method to determine the size of the ζ Z terms. We will discuss this in the next section.
3 Elements of a fit for η Z and ζ Z There are a number of possible methods to determine the size of the ζ parameters. In this section, we will highlight one particularly powerful method, which is to make use of the angular distribution and polarization asymmetries of the the reaction e + e − → Zh. These observables have not previously been applied to Higgs coupling analysis.
The contributions to the e + e − → Zh cross section from the the η Z and ζ Z terms can be distinguished by their effects on these angular distributions and asymmetries. The η Z terms lead to enhanced amplitudes for longitudinal Z polarization and to production at smaller values of | cos θ|, while the ζ Z terms lead to equal production of the three Z polarization states at higher values of |cosθ|. At 250 GeV, this is a relatively small effect, proportional to (E 2 Z /m 2 Z − 1) = 0.47, but it becomes larger at higher energy. Second, the contribution from the ζ Z term is quite sensitive to beam polarization. Beam polarization is straightforward to achieve at linear colliders but is not projected for circular colliders, while circular collider designs have higher luminosity at 250 GeV. Then there is a certain complementarity between these approaches.
The polarization effect in the e + e − → Zh cross section arises from the interference of s-channel diagrams with Z and A; see Fig. 1 . In addition to the ζ Z term in the Higgs Lagrangian, the dimension-6 operators in the EFT induce a term
that mixes the A and Z field strengths. The coefficient of this term is related to the parameters already discussed by
This produces the second diagram in Fig. 1 , which is not present at tree level in the SM. There is also a third contribution that has the form of a contact interaction. This third diagram is parametrically enhanced by terms of order s/m 2 Z [25] . However, the EFT coeffiecients that appear in this diagram (c HL , c HL , c HE ) are very strongly constrained by the analysis of precision electroweak corrections and e + e − → W + W − , in a way that compensates this enhancement [18] . We will ignore this diagram in the simplified analysis presented in this section. However, it does play a role in the more complete analysis that we will describe in Section 4.
The sign of the interference term between the s-channel Z and A diagrams depends on the beam polarization. The Z charge of the electron changes sign between e To illustrate these effects, we carry out a simplified fit to the Higgs couplings in the following framework: The starting point is the table of projected errors on the total e + e − → Zh cross section given in the Appendix. These error estimates are based on full simulation studies with the ILD detector model [26, 27] . The estimates are provided for each of two configurations of beam polarization, an L beam with electron and positron beam polarizations (−0.8, +0.3) and an R beam with electron and positron beam polarizations (+0.8, −0.3). These errors are essentially identical for the two beam polarizations, and so we can apply them also for unpolarized beams. All of the analyses below are carried out at the linearized level.
A fit in the κ framework would modify each Higgs couplings by
For reference, we carried out a κ fit to this data from e + e − → Zh with 7 parameters:
In addition, we allow branching ratios of the Higgs boson to invisible and to noninvisible exotic decay modes. This modification of the Standard Model is usually omitted in EFT fits, which concentrate on the effects of heavy particles. However, the search for Higgs decays to light invisible and exotic particles is an important part of the full e + e − program, and the possibility of such decays adds an uncertainty to the extraction of the Higgs boson total width that should be accounted. To parametrize these possible exotic Higgs decays, we introduce two additional parameters δa inv and δa other . The parameter δa inv is the fraction of all Higgs decays that go to completely invisible decay products,
Similarly, δa other is the fraction of all Higgs decays that do not fit into any standard category, or even into the category of invisible decays. It is extremely conservative to include the δa other parameter, since, at an e + e − collider, almost any exotic decay will be observed and recognized as such [28] . But this is the way that all previous "model-independent" Higgs coupling fits for e + e − colliders have been done.
The simplified fits in the EFT framework also uses 9 parameters. These are the EFT parameters c H and c W W , the EFT parameters that shift the Higgs couplings b, c, g, τ , and µ, and the a inv and a other parameters described above (10) [29] . In this simplified fit, c W B and c BB are set equal to zero. In the complete fit described below, these latter parameters are determined by constraints from precision electroweak measurements, e + e − → W + W − , and Γ(h → γγ).
The full details of our treatment of the e + e − → Zh cross section and angular distribution are discussed in [18] . Our approach can be summarized by saying that the perturbations to the SM cross section from the η Z and ζ Z terms can be completely parametrized in terms of coefficients a and b, respectively, that describe the variations in the cross section, angular distribution, and Z polarization. These a and b parameters depend on beam polarization and center of mass energy. For example, at the tree level, the total cross section for e + e − → Zh from a fully polarized e
where k Z , E Z are the lab frame momentum and energy of the Z. In the simplified parameter set used here, the parameters in (11) are given, for a fully polarized e − L e + R initial state, by
and, for a fully polarized e − R e + L initial state, by Table 1 : Projected relative errors for Higgs boson couplings and other Higgs observables, in %, for the fits described in Section 3. The first column gives results of a fit with simple κ rescaling of the Standard Model Higgs couplings. The next three columns give results of fits to the EFT coefficients using the simplified 9-parameter framework described in Section 3. The final column gives the result of the full EFT fit described in Section 4. All of these fits assume data samples of 2 ab −1 at 250 GeV. The effective couplings g(hW W ) and g(hZZ) are defined as proportional to the square root of the corresponding partial widths. The last two lines give 95% confidence upper limits on the exotic branching ratios.
The change of sign between the two terms in b L vs. b R is the polarization effect described earlier in this section. There are similar formula for the distributions in production angle and Z decay angles; see [18] for details. Fits for the a and b parameters using ILD full simulation data are described in [27] , and these are the basis for the error estimates and correlations for these parameters listed in the Appendix.
The results of the simplified fits are shown in Table 1 . We assume 2000 fb
of data, equally divided between the two polarized beam configurations. These fits include only data from e + e − → Zh. The κ fit is limited by the poor knowledge of the Higgs total width. In this fit, the width is obtained through the relation (5) and suffers from a lack of statistics for the h → ZZ * decay. In the EFT fits, the uncertainty in the couplings reflects the uncertainty in the knowledge of the ζ Z parameter, which is determined mainly from the data on the reactions e + e − → Zh. Note that polarization is in general a more powerful analyzer for ζ Z than the angular distributions, although either method can be effective with a sufficiently large luminosity sample. For reference, the last column of the fit gives the results of the full EFT fit described in the next section. The simplified fit is quite idealized, but its outcome turns out to be close to that of a full EFT analysis.
Projections for ILC at 250 GeV
A complete analysis within the EFT framework requires a much larger number of parameters. As stated above, there are 84 possible dimension-6 operators with the gauge symmetry and particle content of the Standard Model. In [18] , we point to a subset of 9 of these operators that contribute to processes involving W , Z, Higgs, and light leptons only. Five additional operators modify the Higgs couplings to fermions and gluons. Two further parameters are needed to describe the W and Z couplings to quarks. Then our model-independent fit will involve 16 dimension-6 operator coefficient plus the 4 relevant parameters of the Standard Model and the 2 parameters introduced above for exotic Higgs decays. The total number of parameters is 22. Though many papers have been written about fits to Higgs data using EFT, it seems not to have been realized that data from future e + e − colliders will completely constraint these 22 parameters, allowing precise analyses that are model-independent to the extent that this subset of operators gives a general description of new physics.
The subset of 9 operators noted above does not include the most general operators with W , Z, Higgs, and light leptons. It excludes 4-fermion contact interactions, which, however, do not contribute to the observables of relevance here. It assumes muonelectron universality, which can be strongly tested at e + e − colliders in W decays and in 2-fermion scattering processes. It excludes CP violating operators. But CP violating operators contribute only in order c 2 I to the observables we consider, and there are other observables linear in these c I (for example, the forward-backward asymmetry in e + e − → Zh) that can bound them at the percent level. It excludes the coefficient c 6 that shifts the triple-Higgs coupling, which does not contribute at tree level to the observables we consider here [30] . Some additional qualifications are given Section 2.2 of [18] . Most importantly, our analysis assumes that operators of dimension 8 are negligible and operators of dimension 6 can be treated in linear order only. This makes sense for operators that provide few-percent corrections to the Higgs couplings, corresponding to the sensitivity of future e + e − colliders. In this paper, we will treat the dimension 6 operators at the tree level only. If corrections to Higgs couplings turn out to be at the 30% level, one might question this assumption. But unless corrections to the Higgs couplings are very large, our restricted-but still 22-dimensional-parameter set can be considered a model-independent description of new physics for the purpose of Higgs coupling analysis.
The fit parameters are the following: First, since dimension-6 effects renormalize the parameters of the Standard Model, we must include deviations in the 4 Standard Model parameters δg, δg , δv, δλ
In the basis chosen in [18] , the 9 EFT parameters for the Higgs and electroweak boson sector are
Of these, the parameters c T is essentially the T parameter of precision electroweak analysis. The parameters c HL , c HL , c HE parametrize current-current interactions between the Higgs boson and the leptons. The parameters c W W , c W B , and c BB parametrize operators quadratic in vector boson field strengths, and c 3W parametrizes the one possible operator cubic in the W field strength. We need 5 additional coefficients to describe the shifts in the Higgs couplings to fermions and gluons [29] , c Hb , c Hc , c Hτ , c Hµ , c Hg .
For our treatment of the Higgs decays to W W * and ZZ * , we need two further combinations of EFT coefficients, called C W and C Z in [18] , which are measureable from the W and Z boson total widths. Finally, we include the two parameters δa inv and δa other introduced above (10) .
Given this parameter set, we assume a linear relation between the parameters and observables,
Then measurements of the O i lead to a covariance matrix for the c J , which can then be translated into projected errors on Higgs partial widths or Higgs couplings.
As inputs to this process, we take the following information: First, 7 quantities very well measured in precision electroweak studies-α, G F , m W , m Z , A , and Γ(Z → + − )-provide 7 strong constraints on the parameter set. Note that we do not need to make any assumption that the electroweak corrections are "oblique" in the sense of [22] . For the h → W W * and h → ZZ * partial widths, we also must input the measured values of the W and Z total widths, as described in [18] . At the level of dimension-6 operators, e + e − → W + W − provides three independent new physics parameters-g 1Z , κ A , and λ A -that can be constrained by measurement. LEP and LHC measurements already constrain these parameters at the 1% level. For this analysis, we need more than an order of magnitude improvement in the constraints, but we expect that this will be provided by e + e − colliders at the same time that they measure the Higgs boson parameters [31] . A projected covariance matrix for these parameters with 2000 fb −1 of data at 250 GeV, estimated from ILD studies of e + e − → W + W − at higher energies by Marchesini [32] and Rosca [33] , is given in the Appendix. The LHC experiments will provide a strong measurement of the ratio BR(h → ZZ * )/BR(h → γγ). The ATLAS analysis [34] estimates the error on this measurement after 3000 fb −1 of data-taking as 3.6-4%. We expect that a measurement strategy dedicated to cancelling systematic errors between these two similar and characteristic processes can reach the statistics limit of 2%. We use this latter number in our fit, but the results are not changed if the error is indeed 4%. This provides the strongest constraint on c BB . The expected LHC measurement of BR(h → Zγ)/BR(h → γγ), with an error of 31% [35] , also provides a significant constraint on c W B . We also input the expected LHC measurement of
The input values used are listed in the Appendix.
At this stage, the measurements described constrain 13 of the original 22 parameters. This includes all but 2 of the 4+9 parameters relevant to W , Z, Higgs, and light lepton processes. The remaining two free parameters are c H and c W W , the parameters of the simplified fit described in the previous section. These parameters are constrained by meausurements of the total cross section, angular distribution, and polarization asymmetries in e + e − → Zh, as explained in the previous section.
The remaining 9 parameters are those that appear only in expressions for the the Higgs boson partial widths. To include these parameters, we add measurements of σ · BR for e + e − → Zh followed by Higgs boson decay to specific final states. The decay widths to W W * and ZZ * also depend on c H and c W W in a way that put additional constraints on these parameters. This makes the fit for these parameters more robust and decreases its dependence on any particular input.
Though Higgs production through W fusion has a small cross section at 250 GeV, we include the measurement of the rate for e + e − → ννh, h → bb.
The full fit contains a number of mechanisms for constraining the ζ W and ζ Z parameters, or, alternatively through (4), the EFT coefficients c W W , c W B , and c BB . We have explained in Section 3 how these parameters are constrained by measurements of e + e − → Zh. The partial widths for Higgs decay to W W * and ZZ * also contain these parameters, so measurements of Higgs processes with vector bosons in the final state give constraints. The coefficient c W B is directly constrained by measurements of e + e − → W + W − angular distributions. Linear combinations of the three coefficients give new tree-level contributions to the Higgs decay widths to γγ and Zγ, so that the LHC measurements of ratios of branching ratios provide constraints. The effect of the various inputs in determining these coefficients is shown as a systematic progression in Table 2 of [18] . The fact that several different inputs contribute decreases the importance of beam polarization for achieving accurate determinations of the Higgs boson couplings with respect to the results of the simple fits described in Section 3.
On the other hand, there is another effect that must also be accounted. The EFT formalism leads to new contact interactions, of which an example is the third diagram in Fig. 1 [25] . As noted above, these diagrams are enhanced by a factor s/m 2 Z . They are strongly constrained only when the full set of Higgs processes measurable at e + e − colliders is included. The influence of these diagrams, and the role of the inputs in controlling them, is described in some detail in Section 5 of [18] .
The results of the full 22-parameter fit are shown in the last column of Table 1 . The results are quite similar to those from the simple fit of the previous section. The introduction of many new parameters does not decrease the quality of the fit, since the additional measurements constrain these parameters strongly. The largest effect is seen in the hW W and hZZ couplings, where a contribution from c W B adds a small amount to the total error. The full fit also depends much less strongly on beam polarization, since this is now only one of several constraints that determine the parameter c W W . We will see this in the examples presented in the next section. Table 2 gives a comparison of this EFT fit to previous results that we have presented in the past for ILC, using the κ framework but including measurements at 500 GeV to sharpen the determination of the Higgs total width. The first column shows the result of this fit. The second and third columns give the results quoted in [3] for the initial and full phases of the ILC program described in [36] . The fourth column shows the results of the fit described in Section 6 of this paper. It is interesting that, with the new analysis method that we present here, a long run at 250 GeV gives considerable power for learning about the Higgs couplings even before we go to higher energy. Eventually, of course, we must do both. Running at 500 GeV and above is also needed to complete the program of precision Higgs measurements by measuring the htt coupling and the triple Higgs coupling.
Polarization vs. luminosity vs. energy
Beam polarization played an important role in the fits described in Sections 3 and 4. However, as we pointed out in Section 4, inclusion of the full set of observables that can be measured at e + e − colliders take some pressure off the requirement full 250 GeV EFT fit initial ILC [3] full ILC [3] full ILC EFT fit g(hbb) Table 1 of [3] . The first column gives the result of the fit described in Section 4, with 2 ab −1 of data at 250 GeV. The fourth column gives the results of Section 6, adding 4 ab −1 at 500 GeV. The total data samples assumed in the third and fourth columns are the same.
for beam polarization. Designs for the proposed circular e + e − colliders CEPC and FCC-ee anticipate larger event samples than ILC at 250 GeV, but do not anticipate longitudinally polarized beams. The proposed CLIC linear collider anticipates its initial run at a higher energy of 380 GeV. It is interesting to explore the trade-offs between these proposed programs.
This question can be answered within the EFT formalism by using the data in the Appendix to estimate the inputs for the various accelerator schemes, and then performing a fits analogous to that of Section 4. The results are shown in Table 3 . The first column again shows the fit of Section 4, with polarized beams and 2 ab −1 of integrated luminosity. The second column shows the result for the same integrated luminosity at 350 GeV in the center of mass, appropriate for the proposed CLIC linear collider. (The CLIC proposal now considers running at 380 GeV, but all published studies have been done assuming 350 GeV. The CLIC proposal includes additional stages at higher energy that are not considered here [6, 37] .) The third and fourth columns show the results for unpolarized beams [38] using the luminosity samples of 5 ab −1 , projected for CEPC [5] , and for 5 ab −1 at 250 GeV plus 1.5 ab −1 at 350 GeV, approximating the program projected for FCC-ee with 2 detectors [39] . Our error estimates include an accounting for expected systematic errors, as described in the Appendix.
The fifth column shows the results of a fit including data at 500 GeV that will be described in the next section. This fit include 2 ab −1 at 250 GeV plus 4 ab −1 at 500 GeV, realizing the full ILC plan set out in [36] .
It is clear from the table that the decreased power of the angular distributions to measure the ζ parameters can be compensated by higher luminosity. One should also Table 3 : Projected relative errors for Higgs boson couplings and other Higgs observables, in %, comparing the full EFT fit described in Section 4 to other possible e + e − collider scenarios. The second column shows a fit with 2 ab −1 , with 80% electron and zero positron polarization, and with a higher energy of 350 GeV. The third and fourth columns show scenarios with no polarization but higher intergrated luminosity, 5 ab −1 at 250 GeV in the third column and 5 ab −1 at 250 GeV plus 1.5 ab −1 at 350 GeV in the fourth column. The fifth column gives the result of the fit described in Section 6 including data from 250 and 500 GeV. The notation is as in Table 1 .
no pol. 80%/0% 80%/30% g(hbb)
1.33 remember that the ratios of branching ratios are measured at e + e − colliders without ambiguity, and the accuracy of these measurements improves as √ N . These ratios of branching ratios can be important in the testing of specific models, as we will discuss in Section 7.
One should note that beam polarization offers some qualitative advantages that are not captured in a table such as this. Having separate samples with different beam polarization essentially doubles the number of independent observables and allows consistency tests that would be not otherwise be available.
It is amusing to use comparisons such as this one to try to determine the "best" future e + e − collider, but truly the best collider is the one that is actually built. The trade-off shown between linear and circular colliders shows that colliders of both types have powerful capability for discovering new physics beyond the Standard Model. We will present an explicit comparison with models for ILC in Section 7. Similar results would be obtained with any of the scenarios shown in Table 3 .
It is of some interest to understand the importance of positron polarization, in addition to electron polarization, since positron polarization at linear colliders requires a special type of positron source. Table 4 6 Inclusion of e + e − data at 500 GeV
Our discussion so far has focused mainly on e + e − data that might be collected at 250 GeV. The ILC envisions a stage of running at 500 GeV. For CLIC, the current plan is to initially run at 380 GeV, with subsequent stages at 1 TeV and above. Thus it is interesting to consider the effect of higher-energy data on this analysis.
There are three important effects of higher-energy running. First, the W fusion process e + e − → ννh turns on, providing a new source of data on Higgs cross sections and branching ratios. The dependence of this cross section on the parameter ζ W is rather weak,
Also, since the Higgs bosons from this reaction are not tagged, it is not possible to directly measure the absolute cross section. However, the W fusion cross section is larger than the Higgsstrahlung cross section at 500 GeV, and the luminosity of linear colliders is expected to increase with energy, so this process adds a large amount of information on relative Higgs branching ratios. By combining the cross section measurement to specific final states with absolution branching ratio measurements at 250 GeV, one finds improved constraints on η W or c H .
Second, as the center of mass energy increases, the angular distribution of e + e − → Zh predicted by the Standard Model evolves from one that is relatively flat to a sin 2 θ distribution dominated by production of the longitudinal Z polarization state. Since the contribution of the ζ Z term is flat in angle and roughly independent of Z polarization, this allows a much better discrimination of the η Z and ζ Z contributions than at 250 GeV.
Third, the effects of dimension-6 operators in e + e − → W + W − increases as s/m 2 W . Thus, running at higher energy allows stronger constraints on new physics effects in the triple gauge boson couplings, improving the error on the parameter c W B in the manner called for at the end of Section 4.
The results of a complete EFT fit including these effects is shown in the last column of Table 3 . This fit assumes 2 ab −1 of data at 250 GeV plus 4 ab −1 at 500 GeV, divided equally between e 
Recognition of new physics models
We can use the formalism presented in this paper to give quantitative estimates of the power of e + e − measurements of the Higgs boson to discover and discriminate models of new physics beyond the SM. From the large literature on new physics modification of the Higgs couplings, we have chosen a selection of models that we feel are illustrative of possible new physics effects on the Higgs couplings. In this section, we will compare their predictions for Higgs couplings to the ILC error estimates computed in this paper.
The EFT fit presented here can be used to estimate the significance of the observation of Higgs coupling deviations from the SM and discrimination of the effects of different models. Our method makes use of the linear dependence of the Higgs couplings on the EFT coefficients. Consider as observables O i the Higgs couplings obtained from the fits described in this paper. Each coupling has an expansion in EFT coefficients of the form (17) with coefficients V iJ . Let δg i be the Higgs couplings deviations predicted in a given model, arranged as a vector. Let C JK be the covariance matrix of the variables c J determined by the fit. Then
gives the χ 2 = 2 log likelihood testing the goodness of fit for this model relative to the Standard Model. Similarly, if g A and g B are two such vectors for models A and
gives the χ 2 for A given the hypothesis B or vice versa. The significance in σ of the deviation of a model from the SM, or of one model from another, is roughly the square root of the χ 2 computed in this way.
It will always be true that some models of new physics are observable through Higgs coupling deviations while others are not. All viable models of new physics beyond the SM exhibit "decoupling". That is, as the new particle masses are increased, the predicted deviations from the SM in the Higgs couplings and in other precision observables tend to zero. It is interesting to ask, though, whether there are models that predict significant deviations in the Higgs couplings for parameter values at which the new particles are very heavy, outside the reach of the LHC. A systematic study of supersymmetric models [40, 41] shows that there are a significant number of such models. In fact, Figs. 1-5 of [40] show that constraints on the Higgs couplings proble the model space in a direction roughly orthogonal to that probed by direct particle searches. It makes sense, then, to open this new line of attack on the problem of discovering physics beyond the SM.
To illustrate the range of new physics models that can be found through studies of the Higgs couplings, we present a list of 9 models with significant Higgs boson -3.5 -3.5 -3.5 -3.5 -3.5 -3.5 -3.5 -3.5 Table 5 : Deviations from the Standard Model predictions for the Higgs boson couplings, in %, for the set of new physics models described in the text. As in Table 1 , the effective couplings g(hW W ) and g(hZZ) are defined as proportional to the square roots of the corresponding partial widths.
coupling deviations in which the new particles present in the model are unlikely to be discoverable at the LHC, even in the high-luminosity era. These models are:
1. A supersymmetric model, model #1259073 of the PMSSM models described in [40] . This model has relatively high colored SUSY particle masses: m( b) = 3.4 TeV, m( g) = 4 TeV, but still these shift the hbb coupling significantly. The lightest SUSY particles are a Higgsino multiplet at 515 GeV.
2. A Type II 2-Higgs-doublet model from [42] , with heavy Higgs bosons at 600 GeV and tan β = 7. Higgs couplings are evaluated with 1-loop corrections as in [43] . This model and the next two lie in the wedge-shaped region where the LHC has limited sensitivity.
3. A Type X 2-Higgs-doublet model from [42] , with heavy Higgs bosons at 450 GeV and tan β = 6. Higgs couplings are evaluated with 1-loop corrections as in [43] .
4. A Type Y 2-Higgs-doublet model from [42] , with heavy Higgs bosons at 600 GeV and tan β = 7. Higgs couplings are evaluated with 1-loop corrections as in [43] .
A Composite
Higgs model MCHM5 with f = 1.2 TeV, described in [44] . The lightest new particle in this model is a vectorlike top quark partner T at 1.7 TeV. However, the single production cross section for this particle can be very small. . A Little Higgs model with T-parity described in [46] , with f = 1 TeV and the option B for light-quark Yukawa couplings. In this model, the top quark partner T has a mass of 2.03 TeV.
8. A Higgs-radion mixing model described in [47] . The radion mass is taken to be 500 GeV; other relevant extra-dimensional states can be at multi-TeV masses.
9. A model with a Higgs singlet is added to the Standard Model to allow electroweak baryogenesis and to provide a portal to the dark matter sector, described in [48] . The singlet mass is 2.8 TeV, with mixing as large as permitted by decoupling.
The coupling deviations in these models are listed in Table 5 . These deviations are shown graphically in Appendix B, together with the uncertainties that would result from the fit to ILC data at 250 GeV and 500 GeV.
Comparing these models to the Standard Model, we find the following χ 2 separation. Using the fit of Section 4, for the ILC at 250 GeV with 2 ab −1 of data, the relative χ 2 s of the models are: Every model except #9 is separated from the Standard Model by at least 3 σ, and the models are generally separated from one another by a comparable amount [49] . The σ separations of the models from the SM and from one another are illustrated in Fig. 2(a) .
Using the fit of Section 6, for the ILC at 250 GeV with 2 ab −1 of data and then at 500 GeV with 4 ab −1 of data, the relative χ 2 s of the models are: With this data set, the various models are distinguished from the Standard Model at least 5 σ. Except in two cases, the models are also well distinguished from one another, so that the results give a clear indication of the nature of the new physics that has been discovered through the Higgs coupling deviations. The σ separations of the models from the SM and from one another are illustrated in Fig. 2(b) .
These examples illustrate the ability of future e + e − colliders to expose models of new physics even in cases in which the new particles are beyond the reach of direct searches at the LHC.
Conclusions
In this paper, we have presented an improved method for the extraction of modelindependent Higgs couplings from the data that will be provided by future Using this approach, we have analyzed the expectations of the ILC and other proposed colliders for extracting the couplings of the Higgs boson with percent-level accuracy and for observing and discriminating models of new physics whose new particles are beyond the reach of LHC. This program gives a powerful avenue to the discovery of physics beyond the Standard Model.
A Error estimates input into the fits presented in this paper
The fits presented in this paper rely on error estimates for precision electroweak, W boson, and Higgs boson measurements. In particular, they rely heavily on uncertainties estimated for measurements that can be carried out at the ILC at 250 GeV, 350 GeV and 500 GeV. In this section, we provide tables of the uncertainties we have assumed in the fits preesents here. These uncertainties are based on full-simulation studies done for the SiD and ILD detector models at the ILC and CEPC. We also specify the additional inputs from precision electroweak and LHC measurements of Higgs branching ratios that are used in our analysis. Table 6 gives the expected statistical errors on Higgs cross section and branching ratio measurements for polarized beams and for luminosity samples of 250 fb −1 . The numbers given in Table 6 are statistical errors only. They can be rescaled to any luminosity by dividing by the square root of the integrated luminosity. In our fits, we have added the statistical error of each measurement for Higgs observables (σ or σ · BR) in quadrature with two types of assumed common systematic errors, 1.0 × 10 −3 from theory prediction, and 1.0 × 10 −3 from luminosity and beam polarizations measurements [33] . For the h → bb observables, we have also added in quadrature an additional systematic error from b-tagging efficiency, taken to be 3.0 × 10 −3 × 250/L (L for integrated luminosities in fb −1 ) [2] .
The first two lines of Table 6 give estimates of the expected error in the total e + e − → Zh cross section and the expected 95% confidence level upper limit on Higgs to invisible decays, assuming the Standard Model predictions. The following entries give the estimated errors on σ × BR measurements to the given final states, using the reactions e + e − → Zh and e + e − → ννh. The uncertainties quoted here are for polarized e + e − beams with -80% electron and +30% positron polarization. References to the original studies are given in each line. Most of the estimates in this table are identical to the ones reported in the article "ILC Operating Scenarios" [36] , a few of them have been updated since then by new full simulation studies and are briefly described in the following. The estimates for σ Zh · BR W W are improved by a factor of 1.4 at √ s = 250 GeV, after adding the contributions from Z → ll, W W * → lνlν/lν2q/4q channels [61] , and by a factor of 1.7 at √ s = 500 GeV, after adding the contributions from Z → qq, W W * → 4q channels [62] . The estimates for σ Zh · BR bb and σ ννh · BR bb at √ s = 250 GeV are updated based on new analysis performed using ILD DBD simulation and reconstruction tools [58] , and, more importantly, the correlation between them, which is −34%, is now incorporated into the fit. The estimates for σ ννh · BR bb/cc/gg at √ s = 350 GeV are updated based on new full simulation results in [57] . The estimates for σ Zh/ννh · BR τ τ are updated to the published results [63] . The up-to-date references for all of the estimates are indicated in the table.
For the e + e − beams with +80% electron and -30% positron polarizations, we generally assume that the expected errors are independent of the polarization state, with a slightly higher cross section for e The errors on the total cross section and angular distribution in e + e − → Zh are usefully quoted as errors on the a and b parameters defined in (11) and in [18] . The expected errors on a and b and their correlation ρ(a, b) are shown in Table 6 : Projected statistical errors, in %, for Higgs boson measurements input to our fits. The errors are quoted for luminosity samples of 250 fb −1 for e + e − beams with -80% electron polarization and +30% positron polarization, in the top half of the table, and with +80% electron polarization and -30% positron polarization, in the bottom half of the table.
Except for the first and last segments of each set, these are measurments of σ · BR, relative to the Standard Model expectation. The top lines gives the error for the total cross section relative to the Standard Model and the 95% confidence upper limit on the branching ratio for Higgs to invisible decays. The bottom lines in each half give the expected errors on the a and b parameters and their correlation (all in %) for e + e − → Zh (see (11) . All error estimates in this table are based on full simulation, with the exception of entries marked with a * , which are based on extrapolation from full simulation results. have estimated these errors by interpolation.
The expected errors on the anomalous TGC coupling parameters of e + e − → W + W − are shown in Table 7 . These errors are based on extrapolation from the studies of [32, 33] , taking into account the dependences on √ s, statistics and detector acceptances [67] . Further more, since the studies in [32, 33] are performed using a binned fit for 3 angular distributions in semi-leptonic channel, an additional scaling factor, 1.6-2, is applied to the extrapolations, to take into account the potential improvement from an unbinned fit for 5 angular distributions in both semi-leptonic and full hadronic channels. The errors for TGCs are quoted for samples of 500 fb −1 of data, divided equally between the two polarization states. For simplicity, we use the same estimates for the errors at unpolarized colliders. In our analysis, we have added to these statistical errors the systematic errors 0.3 × 10 −3 for both g 1Z and κ A , and 0.2 × 10 −3 for λ A [67] .
The precision electroweak inputs to our fit are shown in Table 8 . For most of the entries, we have assumed the current uncertainties, from the Particle Data Group compilation [68] . For three of the values, we have assumed improvements in uncertainties: for the W mass, from LHC [70] , for the Higgs boson mass, from ILC [50] , and, for the W width, from Γ W = Γ(W → ν)/BR(W → ν), using the theoretical value of Γ(W → ν) from our fit and the value of BR(W → ν that will be measured at the ILC at 250 GeV with 10 7 W pair events.
We have input the following errors on ratios of branching ratios from the LHC, as described in Section 3: Table 8 : Values and uncertainties for precision electroweak observables used in this paper. The values are taken from [68] , except for the averaged value of A , which corresponds to the averaged value of sin 2 θ ef f in [69] . The best fit values are those of the fit in [68] . For the purpose of fitting Higgs boson couplings as described in Section 7, we use improvements in some of the errors expected from LHC [70] and ILC [3] . The improved estimate of the W width is obtained from Γ W = Γ(W → ν)/BR(W → ν).
δ(BR(h → Zγ)/BR(h → γγ)) = 31% δ(BR(h → µ + µ − )/BR(h → γγ)) = 12% .
The full set of linear relations used in this fit, and the final 22 × 22 covariance matrices for the fit parameters given by the ILC 250 fit and the full ILC fit are given in files CandV250.txt and CandV500.txt included with the arXiv posting of this paper.
Though we used existing experimental results for the fit, it is worth emphasizing that the fit can benefit from several additional important measurements for which full simulation studies are not yet complete. First, we plan to improve the measurement of σ Zh · BR W W at 250 GeV by including contribution from full hadronic channels. Second, we plan to improve the constraints on hγZ couplings by adding measurements of the branching ratio for h → γZ) and the cross section for e + e − → γh. Third, we plan to improve the constraints on the EFT coefficients c HL , c HL , c HE , by measuring the cross sections of e + e − → γZ for both left and right handed beams. Finally, we plan to carry out a full analysis of the meausreement of the branching ratio for W → eν which should improve on the estimate given in Table 8 .
B Illustration of the discrimination of models by precision
Higgs measurements Figures 3 and 4 show the deviations from the Standard Model expectations for the Higgs boson couplings, in %, expected for each of the models considered in Section 7, along with the uncertainties that would result from the fit to ILC data at 250 and 500 GeV described in Section 6. Note that these uncertainties are correlated, and that these correlations are taken into account in the σ values that we quote in Section 7. Figure 4 : Visualization of the deviations of Higgs couplings from the SM for the new physics models 7-9 discussed in Section 7, compared to the uncertainties in the measurements expected from a fit to ILC data at 250 and 500 GeV.
[37] The actual program presented in [6] would take only 500 fb −1 of data a 380 GeV and then upgrade to a center of mass energy of 1.4 TeV. One might question the validity of an EFT analysis at 1.4 TeV, and we have not studied this issue sufficienty. We hope that the comparison shown in Table 3 is sufficiently informative.
[38] The errors estimated in the Appendix for the new physics parameters in e + e − → W + W − make use of the polarization asymmetry, among other observables. For simplicity, we input the same errors in our fits for unpolarized colliders.
